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Part I 
Question 1 
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Question 2 
(a)  
 
 
 
 
 
 
 
 
 
(b) { }1∪A  is not a region. BA ∩ is not a region. 

(c) AB −  is compact. A is not compact. 
 
Question 3 
(a) The domain of the function f is C . F is continuous by the Composition Rule, since the functions Imz 

and 2z  are basic continuous functions. 

(b) ( ) ( ) [ ] ( )( )itttiti +′⇒∈+=⇒+== 11,0,11,0 γγβα , ( ) 2222 21ImIm ttiz =+→  
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Question 4 

(a) Taylor series is ( ) ( ) ( ) ( ) ( ) L+′′′′+′′′+′′+′+ 0
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 Since ( ) zezf z cos= , we have     ( ) 10 =f  

( ) ⇒−=′ zezezf zz sincos      ( ) 10 =′f  

 ( ) ⇒−=−−−=′′ zezezezezezf zzzzz sin2cossinsincos   ( ) 00 =′′f  

 ( ) zezezf zz cos2sin2 −−=′′′      ( ) 20 −=′′f  

 ( ) ( ) ⇒−=−++−=′′′′ zezezezezezf zzzzz cos4sincoscossin2  ( ) 40 −=′′′′f  

 So up to 4z we have 
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 Since ( )zf  is analytic for all discs rz ≤≤0 , the Taylor series represents ( )zf  for all discs rz ≤≤0  

(i.e. all of C ) 
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       (only this term is important since  

from it we find the residue at 0=z ) 
 So, 
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(ii) Note that ( ) ( )zf
dz

d
zg = . Since ( )zf  is represented by its Taylor series in all discs we have 
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 (by the Differentiation Rule). The result is the first 3 terms of the Taylor series for ( )zg . 

 
Question 5 
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=   Note this has simple poles at i2±  

 To find Residue use Cover up rule (Theorem 1.1 unit C1) 
 Residue at 2i 

 ( ) ( )( ) 4422
2lim

663

2

−−

→

−
==

+−
−

ie

i

e

iziz

e
iz

iz

iz
 

 Residue at -2i 
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 [Note the cover up rule only works for simple poles. For multiple poles which have a term like 

( ) K,4,3,2, =− nz nα  in the denominator then other methods need to be used] 

(b) We have 
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 Theorem 3.4 (C1) satisfied. 
 Since there are no simple poles on the real axis, we have 

 { }plane halfupper in  residues of sum2
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 So we have (using the result of part (a) 
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Question 6 

(a) We have xiyxz eee == + . Since 1=z  we have 1−≥ eez  

 [Here you are expected to know that 3<e ] 

 So we have 
3
11 >≥ −eez  

(b) Rouchés Theorem (page 19 Unit C1) 

 We have 
3
14

3
1 =−=− zef z  

 So we have 1for ,
3
1 =∈≤=− zzeef zz  

 So f has the same number of zeros inside 1=z  as ze . However  ze  has no zeros and hence f has no 

zeros inside 1=z . This is Rouchés Theorem. 

(c) ( ) 0
1

=∫Γ dz
zf

 

 This is because ( )zf  is analytic an non-zero inside Γ . So ( )zf1  is analytic and so the integral is zero 

by Cauchy’s Theorem. 
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Question 7 

(a) ( )
z

zq
2

=  is analytic on { }0−C  so q represents a model fluid flow (See HB. 1.14 p.38) 

(b) A primitive of ( )
z

zq
2

=  is ( ) { }0:,Log2 ≤∈−∈=Ω xxzzz RC  

is a complex potential function for the flow.   
Streamlines satify the equation 

( ) ( ) kzzizzz e ==+==Ω Arg2Arg2log2ImLog2ImIm  

( ) i
i

iq 2
2

== ; ( ) ( )
( )( ) ( )i

ii

i

i

iq +=
+−

+
=

+
=+ 1

11

12

1

2
1

____
 

(c) ( ) ( ) ππ 422ImIm =×== ∫ idzzq
C

F  by Cauchy’s Integral Formula, since the function ( ) 2=zf  is 

analytic on C . C is a simply-connected region and the unit circle isis a simple-closed contour in C  
and 0 is a point inside the unit circle. 

 
Question 8 

(a) See HB 2.1 p. 41. 2
1 22 nnn zzz −=+ , with 022020,2,2 2

4
1

2
1 =×−×+×−=⇒==−= dcba  

 So the sequence is conjugate ot the iteration sequence 2
1 wwn =+ . 

 Then the conjugating function is ( ) 31121212 00 =+−×−=+−=⇒+−= zwzzh  

 As required. 

(b) (i) ( ) ( ) ( ) ( ) ( ) ⇒−−=−−+−=+−=−−−−=−−= −−−− iiiPiiiPiP ii 31110;1110;10 2
1

2
11

 ( ) 1003
1 >−− i , so Mc ∉  (See HB 4.5 p. 42).

(b) (ii) i is in the large cardioid. Hence we check HB 4.9 (a) p. 43:
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Part II 
 

Question 9 
(a) (i) ( ) ⇒+=+=+ ziyiyxxiy sinhcoscoshsinsincoscossinsin  
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(b) f is defined on C . ( ) ( ) axyyxvbyxyxu 2,;, 22 =+= . Now, 
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all exist on C , are all continuous on C , since they are all multiples (Multiple Rule) of the basic 
continuous function x. The Cauchy-Riemann equations are statisfied on all C∈z  when 

122;122 −=⇒−==⇒= bbyaxaaxx  

Then f is differentiable on all of C when 1=a  and 1−=b , and, because its domain C  is a region f is 
analytic on C . (See HB 2.3 p.19 and HB 1.3 p.18) 
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Question 10 

(a) ( ) ( )( )izizz

z
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=  has a removable singularity at 0=z and simple poles at iz 3=  and iz 3−= . So 

by the Cover-Up Rule 
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(b) (i) f is analytic on the simply-connected region C  except for 3 singularities. Γ  is a simple-closed contour 
in C , not passing through any of the singularities. So, since only 0 is inside Γ and the other 
singularities are outside Γ  

 ( ) ( ) 00,Res2 ==∫Γ fidzzf π  (see part (a)) 

 by Cauchy’s Residue Theorem 
(b) (ii) f is analytic on the simply-connected region C  except for 3 singularities. Γ  is a simple-closed contour 

in C , not passing through any of the singularities. So, all three singularies are inside Γ  

 ( ) ( ) ( ) ( )( ) ( ) 03sinh3sinh023,Res3,Res0,Res2
18
1

18
1 =+−=−++=∫Γ iiiififfidzzf ππ  (see part (a)) 

 by Cauchy’s Residue Theorem 
(c)  f is analytic on the simply-connected region C  except for 3 singularities. Let 13 =−=Γ iz .Then Γ  is 

a simple-closed contour in C , not passing through any of the singularities and only 3i is inside Γ  and 
the other singularities are outside Γ . Hence, by Cauchy’s Residue Theorem  
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ππ =−==∫Γ iiifidzzf  (see part (a)) 

 as required. 
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by the g/h Rule, since 92 +z  and z
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Question 11 

(a) (i) ( ) ( )( ) ( )( )yeee xzz cosexpReexpexp −−− ==  as required. 

(a) (ii) The interval { }ππ <<−<<−= yxzR ,11:  is a bounded region. The function ( ) ( )zezf −= exp  is 

analytic on R and continuous and non-zero on R , then by the Maximum Principle (HB. p. 31) there is a 
maximum is on R∂  

 On { } ( )( )[ ] ( )( ) eeeyeyxz ==≤≤−−= 0cosexpcosexpmax,,1: 11ππ  

 On { } ( )( )[ ] ( )( ) eeeyeyxz −−− ==≤≤−= 0cosexpcosexpmax,,1: 11ππ  

On { } ( )( )( )[ ] ( ) 111 expcosexpmax,,11:
−−− =−=−−=≤≤− eeeeyxz ππ  

On { } ( )( )( )[ ] ( ) 111 expcosexpmax,,11:
−−− =−==≤≤− eeeeyxz ππ  

So ( ){ }ππ ≤≤−≤≤−− zze z Im,1Re1:expmax  is ee  which is attained at 1−=z  
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 Now f and g are Basic Taylor Series (HB 3.5 p. 25) 
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 f , g and h are analytic on their domains. 
The region rz < , the domain of f overlaps with the region { }rz −∈ C , the domain of h. Also the 

region rz > , the domain of g overlaps with { }rz −∈ C  . Hence f and h are direct continuations of each 

other  (or f is a direct continuation of h by Taylor series (HB 2.1 p.33)  and so are h and g  likewise. The 
regions rz <  and rz >  do not overlap, and so f and g are indirect continuations of each other. (HB 

1.1 p. 33 and HB 2.3 p.33) 
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Question 12 
(a) (i) The inverse mappings are to the standard triple of points 0,1,∞ (HB 2.11 p.36) 
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 and so the extended Möbius transformation f̂  that maps 0 to –i, 1 to 1 and ∞ to i is 
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(a) (ii) The extended imaginary axis is the set { } { }∞∪= 0Re: zz  

 We use the three point trick. The imaginary axis passes through the points –i, 0 and i.  
 Now 
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 So the image of the imaginary axis is the generalized circle that passes throught the extended points  
 ∞ , -i, and 0. Thus the image is the imaginary axis, as required. 
  
 Maybe the following is a safer proof. 
 The Apollonian form of the imaginary axis is { } { }∞∪−=+ 11: zzz  

 Now from part (a) (i) we know already that 
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 Since ( ) ( ) axiswfaxisfw ImˆImˆ 1 ∈⇔∈ − . So, iww =∞=  ,  or 
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 Therefore the image is { } { }∞∪−=+ 11: www , which is the imaginary axis as required. 

(b) (i) HB 1.10 p. 12 and HB 5.3 p. 14 .   

Let ( ) ( ) ( )( ) ( ) 2Arg
2
1

2
121 ArglogexpLogexp ziezzizzzzzh =+====  

 So, if ( ) ( ) 21
Arg

2
Arg

1
2Arg

2
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1
2121 zzezezezez zizizizi =⇔≠⇔≠  

 Hence ( )zh  is a one-one function. ( )zh  is analytic on { }0Re: >zz , with ( ) 0
2

1 ≠=′
z

zh  for all z in 

{ }0Re: >zz .  By HB 2.6 p. 36 the Möbius transformation f  is one-one on { }0Re: >zz  since 

0211 ≠−=⋅−⋅ ii  and by HB 2.2 f is conformal. Now ( ) ( )( ) ( )zfzfhzg == , so by HB 4.5 p. 37 g is 

a one-one conformal mapping. 

 De domain is at the left of the points –i, 0 and i, which f̂  maps to 0, -i, and ∞  with the image at the 

left. This shows that f̂  maps { }0Re: >zz  to { }0Re: >zz . Using the three point trick to show 

where ( )zĥ  maps the imaginary axis onto. The imaginary axis passes through the points –i, 0 and i  with 

the domain at the left, which ( )zĥ  maps to ( ) ( )ii −− 1,0,1
2

1
2

1 , with the image at the left, which 

shows that ( )zĥ  maps { }0Re: >zz  to { }ππ
4
1

4
1 Arg: −<<− zz  

(b) (ii) f and h are one-one and conformal on these regions. ( ) 21 zzh =− Hence since ( ) 111 −−− = hffh oo , 
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