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Part |
Question 1
. (i+1 10
a) (I w=—c7 =-1(+1)p Argw=-2
@ () 3 +D Li+1)p Argw=-2
. — ()= 1 iP/4 -8 - i3p/4f4 _ 518 -i30/16 _ -1/8 o
(@) (i) w—-5(|+1)-ﬁe 1%/4 b (2 V8gi%p/ )]/ =2 Y8giP/16 - ¥ (cos—%ﬂsn—%)
(b) i=dP/2p i = (ei'[’/z)I =e/2 (Principal argument)
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(b) AE{]} isnot aregion. AC Bisnot aregion.
(©) B- A iscompact. Aisnot compact.
Question 3
@ The domain of the function fis ( . F is continuous by the Composition Rule, since the functions Imz
and z? are basic continuous functions.
() a=0b=1+ib g(t)=(+ik, tT[o1p g&t)i+i), Imz?® Im(1+i)?t? =22
1
S0, Qf ()= G2+ ikt = 11262} = 2(u+1)
Question 4
72 z z*
@ Taylorserieﬁisf(0)+zf((0)+5fd(0)+§fC(0)+Ef0t(0)+~-
Since f(z) = e*cosz, we have f(0)=1
f§z) = e*cosz- e*sinz b f€0)=1
f €z) = e’ cosz- e’sinz- e’sinz- e’cosz =-2e’sinzb f €0) =0
f z) = - 2e*sinz- 2e?cosz f€0)=-2
fdl(z)z-Z(ezsinz+ezcosz+ezcosz— eZsinz)=-4eZcoszI:> f a60) = - 4
Soupto z* we have
f(z):1+ z- E23- iz4+~~-
3 4
Since f(z) isanalytic for al discs O£ z £ , the Taylor series represents f(z) for all discs O£ z £t
(i.edlof ()
(i) C f(zz)d =c iz{:?sz- 2R3 44, Q=g aeiz 2, 4.2, %
=l 2 =172 & 3 4 2 Q\:lez 3 4 @
(only thisterm isimportant since
fromit wefind theresidueat z=0)
&)1

Q izz)dz: 2piRes(f ,0) = 2pi 1 = 2pi

=1 2
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(i)  Notethat g(z):dif(z). Since f(z) is represented by its Taylor seriesin all discs we have
z

_d®, ., 235 4.4, 0_,
g(z)_dngz 3z 4,_Z+ -

(by the Differentiation Rule). The result is the first 3 terms of the Taylor seriesfor g(z).

Question 5
( ) e3iz e3iz
a flz)= = Note this has simple poles at +2i
@ 22 (- 2)z+2) plep
To find Residue use Cover up rule (Theorem 1.1 unit C1)

Residue at 2i

3iz 6 .6
lim (z- 2)—— =2 ="1°
2®2i (z- 2i)(z+2) 4 4
Residue at -2i

3z 6 .6
lim (z+2),— =2 =
2®-2i (z- 2i)z+2) -4 4

[Note the cover up rule only works for simple poles. For multiple poles which have aterm like
(z -a )“, n=234,... inthe denominator then other methods need to be used]
(b) We have

¥ Xy Y :
N c;)s3t ot = Re@0¥ 2e dt* 2i
t+4 ST¥tT+4 4
Theorem 3.4 (C1) satisfied.
Since there are no simple poles on the real axis, we have
3t

¥
O, 2e dt = 2pi{sum of residuesin upper half plane}
t2+4

3ti

So we have (using the result of part (a)

¥ & jgb0 ]
cos3t dt = Re2pi¢ © T:—pe6
2 4 - 2
t“+4 & p
Question 6
(@ We have |7 =|e**Y| = €X. Since |7 =1 wehave %3 el

[Here you are expected to know that e < 3]

Sowehave |e?] 2 1

(b) Rouchés Theorem (page 19 Unit C1)

Wehave|f - ¢f :|- %z4|:%

1
>4
3

Z

Sowehave|f—eZ e

1
=1t

, forzl |[4=1
So f has the same number of zerosinside |4 =1 as e*. However e” has no zeros and hence f has no
zerosinside |7 =1. Thisis Rouchés Theorem.

©  O—dz=0
Q1)

Thisis because f (z) isanalytic an non-zero inside G. So 1/ f (z) is analytic and so the integral is zero
by Cauchy’s Theorem.
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Question 7

@ a(z) = 2 isanalyticon ( - {O} so q represents amodel fluid flow (See HB. 1.14 p.38)
z
2 .

(b) Aprimitiveofci(z)zz is Wz)=2Logz, zl ( -{xI p :x£0}
isacomplex potential function for the flow. _
Streamlines satify the equation | 1+i
Im\/\,(z):Im2Logz:Im(2|oge|z|+i2Argz):2Argz:k
N2 N2 i) 0
q(l)—if =2; q(1+|)— — = (1_ i)(1+i) —(1+|)

(© F=ImQ ﬁ(z)dzzlm(zpi ’ 2):4p by Cauchy’s Integral Formula, since the function f(z)=2 is

analyticon ( . ( isasimply-connected region and the unit circleisis a simple-closed contour in (
and 0 isa point inside the unit circle.

Question 8
— 2 — — — — o . s 52 _
@ SeeHB 2.1p. 41 7341 = 22, - 22, With a=-2b=2,c=0P d=-2"0+3" 2- 1" 2°=0

So the sequence is conjugate ot the iteration sequence Wp4q = wA.
Then the conjugating function is h(z) =-2z+1b wp=-27+1=-2"-1+1=3
Asrequired.

0) () P1i(0)=-1-i;Py (0)=(1-i)?-1-i=-1+i;P1;(0)=(- 1+i)*>-1-i=-1-3p
| _31_i(0)| J10> ,s0ci M (SeeHB 45p. 42).

(b) (i) i isin the large cardioid. Hence we check HB 4.9 (a) p. 43:

B 320 0= o1ca

Soby HB4.3p43cl M.
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Part I

Question 9
@) () sin( +iy):sinxcos +cosxsiniy =sin coshy+icos sinhzbp

lsin(x+ iy]2 = sin® xcosh? y + cos® xsinh? z = sin? x(1+ sinh? y)+ (1 sin? x)sinh2 y

= sin? x+sin® xsinh? y+:sinh2 y- sinzxsinhzy :sin2x+sinh2y
asrequired.

cos(x+ iy) = cosXxcosiy +sinxsiniy = cosxcoshy +isinxsinhz b
. \2 . .
|cos(x + |y] = cos® xcosh? y+:sm2 xsinh? z = cos? xcosh? y+ QL cos? xXcosh2 X- 1)

= cos? xcosh? y+ cosh? x- 1- cos? xcosh? y+ cos? x = cosh® X - 1+ cos? X

=sinh? x + cos? x
|2 _ |sinz|2 _ sinh?x+sin?x

(@) (ii) |tanz £1b sinh?x+sn?x£sinh?x+cos’x b

|cosz|2 ~ snh? x+cos? x
sin®x £ cos? x b - 4P £XE£4p
(b) fisdefinedon ( . u(x,y) = x? +by?;v(x,y) = 2axy . Now,
E:2x; E:Zax; ﬂ=2ax; E:Zby
fix iy fix iy
al existon( ,areall continuouson ( , sincethey are all multiples (Multiple Rule) of the basic
continuous function x. The Cauchy-Riemann equations are statisfied on all z1 ( when
2x=2axb a=1 2ax=-2byb b=-1
Then fisdifferentiableon al of ( when a=1 and b =-1, and, becauseitsdomain ( isaregionfis
analyticon ( . (SeeHB 2.3 p.19 and HB 1.3 p.18)
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Question 10
€) f(x)=——2N2 ___ hasaremovablesingularity at z=0and simplepolesatz=3 and z=-3i. S0
z(z- 3|)(z+3|)
by the Cover-Up Rule
Res(f,0)= 10 =0 Res(f,3)=3"3 = 1igmn3
(- 3i)3i) 36 18
Res(f - 3) = sin- 3) _ - SN3 - 1ignh3
-3i(-61) 3“6 18

(b) (i) fisanaytic onthe simply-connected region ( except for 3 singularities. G isasimple-closed contour

in ( , not passing through any of the singularities. So, since only 0 isinside Gand the other
singularities are outside G

Qf (2)dz = 2pi Res(f,0) = 0 (see part ()

by Cauchy’s Residue Theorem

(b) (ii) fisanaytic onthe simply-connected region (  except for 3 singularities. G isasimple-closed contour

(©

in ( , not passing through any of the singularities. So, all three singularies areinside G

& (2)dz = 2pi(Res(f 0) + Res(f 3+ Res{t - 3)) = 2pi(0- isinh3+ Lisinh3)= 0 (see part (@)

by Cauchy’s Residue Theorem

f is analytic on the simply-connected region (  except for 3 singularities. Let G=|z- 3| =1.ThenG is
asimple-closed contour in ( , not passing through any of the singularities and only 3i isinside G and
the other singularities are outside G. Hence, by Cauchy’s Residue Theorem

. _ N inh3
Qf(z)dz:Zlees(f,&):Zm(- 1—18|smh3):psg (see part (a)

asrequired.

1 _22+9
i z) sinz

in analytic on {z:|z| <p}, except for asimple pole at 0

2l 0_0°+9_
#(z) 5 cosO

R 91

dsinz

by the g/lh Rule, since Z2+9 and r
z

=coszareanalyticat Oand cosO=11 0
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Question 11

@ (i) |exp(e' ZJ = exp(Re(e' Z)) = exp(e' X(cosy)) as required.

(a) (i) Theinterval R={z:-1<x<1-p <y<p} isabounded region. The function f(z):exp(e' Z) is

(b)

analytic on R and continuous and non-zero on R, then by the Maximum Principle (HB. p. 31) thereisa
maximum ison IR

On {z: X=-1-p£y€£f p}, maxlexp(el(cosy)) = exp(el(coso)) =¢e°

{z X=1-p£yE p max[exp( cosy)) = exp(e' 1(cosO)): e°
on{z:-1£x£1y=-p}, max[exp(el(cos(- p)))] = exp(— e 1)= _e' ¢

on{z:-1£x£1y=p}, max[exp(el(cos(p )))]z exp(— e'l)z e
So max“exp(e' Zl :-1£Rez£1-p £ Iszp} is €% whichisattainedat z=-1

On

Let h(z )—% zl ( -{r}
-z
Nowfand g are Basic Taylor Series (HB 3.5 p. 25)

g—+ _(1 ) l4<rp f(z (r ):h(z), I4<r

(r-2) (-2

f, g and h are analytic on their domains.

Theregion |7 <r, the domain of f overlaps with the region zT ( - {r}, the domain of h. Also the
region|z| >, the domain of g overlapswith z1 ( - {r} . Hence f and h are direct continuations of each
other (or fisadirect continuation of h by Taylor series (HB 2.1 p.33) and so areh and g likewise. The
regions |4 <r and |7 >r do not overlap, and so f and g are indirect continuations of each other. (HB
1.1p.33and HB 2.3 p.33)
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Question 12

(@ (i)

(@) (i)

(b) (i)

The inverse mappings are to the standard triple of points0,1,¥ (HB 2.11 p.36)
a=-i®0

b=1® 1
g=i® ¥
So f '1correspondsto

];_1()_(2+i)(1-i)_ (z+i)a- i _-i(z+i) _-iz+1

) e @)z

and so the extended Mdbius transformation f that maps0to—,1toland ¥ toiis

f(z)= -iz- .1= |z+.1
-zZ-i0 z+i

The extended imaginary axisisthe set {z: Rez = O} E {¥}

We use the three point trick. The imaginary axis passes through the points—, O and i.

Now

So the image of the imaginary axisis the generalized circle that passes throught the extended points
¥ , -i, and 0. Thus the image is the imaginary axis, as required.

Maybe the following is a safer proof.
The Apollonian form of the imaginary axisis {z:|z+1 =|z- 1} & {¥}
Now from part (&) (i) we know already that

z= f'l(w)z \;::v*;l

since wl f(Imaxis)0 f Xw)T Imaxis. So, w=¥,w=i or

|- iW+1+J‘ _|-iw+1 J‘ 0 |- iw+lew-if |- iw+1- weil 0
| wW- i | W- i | W- i | | W- i |
|@- Dw+1- i =] @+i)w+1+i| =[1- i|w+1 = [L+i]- w+3 O |w+1 =|w- 1

Therefore theimage is {w: lw+1 = |w- :Ij}E {¥}, which isthe imaginary axis as required.
HB 1.10p. 12 and HB 5.3 p. 14.

Let h(z)=vz=2%= exp(% LOgZ): eXp(%(log|z| +iArgz)): (\/ﬂ)e' Argz/2
So, if (\/H}_)iArgzl/Z 1 (\/@}_}iArgzz/Z 0 |Zl|eiArgz1 1 |22|eiArgz2 0 2 =2,

Hence h(z) is aone-one function. h(z) isanalytic on {z: Rez > O} , With h(z)zi 1 0 forall zin

2z
{z:Rez>0}. By HB 2.6 p. 36 the Mohius transformation f isone-oneon {z: Rez > 0} since

i%-14=-21 0 and by HB 2.2 fisconformal. Now g(z) = h(f(z)=/f(z),soby HB 45p.37gis
a one-one conformal mapping.

Dedomain is at the left of the points—i, 0 and i, which f mapsto 0, -i, and ¥ with theimage at the
left. Thisshowsthat f maps {z: Rez> 0} to {z: Rez > 0} . Using the three point trick to show
Whereﬁ(z) maps the imaginary axis onto. The imaginary axis passes through the points—, O and i with

the domain at the left, which h(z) mapsto %(1 i), 0, %(1 i), with the image at the left, which

shows that ﬁ(z) maps {z: Rez > O} to {z:- %p <Argz<- %p}

(b) (i) fand h are one-one and conformal on these regions. h™%(z) = zZ2 Hencesince (ho f) 1= f 1oh?,

g—l(z): - i22+1_ 22 +i

22 izZ+1




