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Part |
Question 1
@@ @-if [Put 1—i in polar form]

1- i =Re9, with R=412+12 =y2=2Y2, q=tan'}(- ¥1)=-p/4 or /4.
Since 1-i isin the 4th quadrant, we must have g = -p/4 4’7 _
So, (1-iP = (2]/2e"'°/4)8 =282 /4 = e 1D 2% =16 -
[Remember €9 = cosq +ising , soif q =- 2, weget € '® =cos(- 20)+isin(- 2p)=1]

@ (i) @+if [Put 1 +i in polar form]
1+i= \/Eeip/ 4 [Noteit is good to remember some of the common arguments like Arg(1+ i) = % etc.]
So, (1+if = (2V2e"°/4) = Jl/2g¥0/4 _ o-p/45i/2

thisisred 171 S| Thisneedsto be simplified
Now, 2V/2 = gz-0%2 = gi100.V2 = cos(loge\/z)ﬂsin(loge\/i)
So the answer is e'p/4(cos(|oge\/§)+ i Si”(|09e\/§))

(0) ta”(Zi)=%1(i—ii)j [Now use the resullt that cosq :%(eiq +e'iq) sing :%(eiq ) e—iq)]
. dai | g2 2. 2
We get tan(2i) =- (6'2'+e'2i):i(e'2+e2)
[Now take e 2 out as afactor in numerator and denominator]
We get tan(2i) = c?- & &% 641_ 1- e _- - e“) !
7)) i) T e e

[Here we have used the result that & =-i]

"~
N

Question 2 . N
@ : |Arg & A
FINY e
N W
1£z£2 %

note boundaries included 4'

A-B 2 /j_ ACB
W)l 2 \r 1 )2
(TN o

(b) A- B Not aregion since not open
A- B Compact since bounded and closed
AC B Not aregion since not open
AC B Not compact since not closed
[If I am right then thisis atricky question since AC B isnot open and not closed. Thisis possible
since open and closed are not opposites as you might think.]
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Question 3
€)] Thelinejoining 0to 1 + i has equation z=(1+i)t OE£t£1.
2
- & Odz 1 o RV 1- i) :
o, Qgiee= QLTINS o= G- 1Pl = o Plife] :Lz() -20 1)
[Note the equation of alinejoining z and z, isalwaysgivenby z +t(z,- z) O£t£1]
\ |52 2\

(b) ‘Qexp(z )dz‘ £ maxglexp(z ]r'axL

Since exp(iz) iscontinuouson G and whereL isthelength of G.Lengthof G is V2 (From
Pythagoras) Also,

‘exp ] ‘exp 1- |2 21 ‘exp( 2it ]
and the maximum value of thisis 1. [Note ‘eiq‘ isadways1for q real.]
(Zz)dz‘ £1x/2 =42

[ The problem with this question is that you might think you need to use the answer to part (a).

YouDON'T.]
Question 4
@ f (z) = 21 [When asked to give the Laurent series about any point ‘a aways rewrite f (z) in
z7-1

termsof z- a asshown below]

1 1 _ 1 . _
O ) gy e
Difference§ two squares So herewe have z- 1
Now since |z- 1| < 2, we must rewrite f(z) asbelow

1
f(2)= 1 1 =, (2-18
(z-l)((z 1+2 1)g[+ z- 1o 22 1) 2 g
e
[Now use the result that (1+x) =1- x+x2- 3+ for|[q <1]
Wegetsmce <1
NE
f(z): 1 g_- éﬂ- 19 o - 19 + ..+(_ ]_)nﬂ;lgg
2(2-1)ge2ze2z e 2 g,
Thisisput in to give the alternating sign pattern.
1 az-1 a-19""
= A ARE AL EE =
\ f(2) 3 4+4g 5 ‘_a+ +4( 1)3 » +

7]
(general term)
(b) [No need for much algebra here]

1 1 1 1
f = = / \ = _@_ l)
(Z) 22 1 22(1_ ?12) 22 72

Since [1/7 <1, wecan expand using (1- x) 1 =1+ x+x?2 +x3 +.. for|q <1
We get

1 1.,1.1 1 1,1.1 1
f(z)——(1+—+—4+—s+"'+22n+"' Sttt toay

(general term)
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Question 5
(a Simple poles when 22+1=0 [Solve this equation]
= 1= ei(p *2on) b 5= ei(p +2pn)/3
Now taken =0, 1, 2 to give 3 roots.
n=0 z=dPB n=1 z7=dP*P)3_dp. 129 ,=dP*+4)3 - d%/3 - ip/3
[To find residue, use the result on page 8 of Unit C1 = g/hrule HB1.2 p.28] T

Res(f'a):; -1 | don’t know if itissthctly

1(23 +1) 32|, necessary to change to

dz a Principal Arg, but | have done

. -2ip/3
SoResata =dPBis L = 2_1 =&
gerisf 3PP 3
SoResata =ePis o~ =—— =1
3eip 392|p 3
1 1 2|p/3

SoResat a =¢ P/3js
( |p/3)2 3 2p/3 ~ 3

No need to put answers in Cartesian form unless asked.

¥ 1 P/3
(b) 0¥ 3 [Always draw a sketch showing poles] .
t7+1
the integrand satisfies the conditions for closing the contour in the )

t3+1 e ip/3
upper half plane. Call this contour G.

[See Unit C1 for details page 25 onwards.]

We get

8; 1 dt:Q 1 dz = pi xResat -1+ 2pi xResat &P/3
3 3
t°+1 z”+1

[note the factors of pi and 2pi . pi isused when the poleison thereal axis. See page 27 of C1]
So we get

sl 2pi/3 _ ml% & 0 a2p 60 _ pl Eail_\/_ _ a)|>q \/_ \@3 i
pi x5 + 2pi € gcosg +|smg3% 3 3§ 5 |2_ s 5 T3 7

[To help remember if the pole isinside the contour we get a contribution of 2pi ~ Residue . If we have a
simple pole on the contour the contribution is pi ~ Residue]

Question 6
When |7 = 2, the dominant termis g4(z) = 2°. Both f and g, are analyticon ( , which isasimply-connect

region. C, ={z:|7| = 2} isasimple-closed contour in ( .

Now | 3iz4+]l £]- 48 +1 = m <49<2%=64=|gy(z) for zI C, P 6zerosin C;.

When |2 =1, the dominant term is g,(z) = - 3z*. Then g, isanalyticon ( . C, ={z:|4 =1 isasimple
closed contour in (. Now |z6+]1 £2<3=|gy(2) for 2T C, P 4zerosin C,.

And no zero's on the contours, since the inequalities are strict. So, there are 2 zerosin {z 11<|Z < 2} :
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Question 7
(a q(z)=z+i,0 q(z)=z-1 and z- i isan analytic function. So q is the complex conjugate of an
analytic function an do a model flow.
—w() =i 1.2
(b) V\ﬁ(z)—q(z)—z-lb V\,(z)—iz - iz
2 2. o
Stream function is ImW = constant . So Img;L;ny- iX+ yj: Xy - X = constant = k
o
. x-1 1, .
Point 1 x=1Ly=0pP k=-1.S0 xy- x+1=0p y=——-=1- —(since x* 0)
X X
Point —1 + i x=-1y=1p -1-(-1)=0=k.So xy- x=0b y-1=0 (since x* 0)
© q) =1+i; q(-1+i)=-1-i+i=-1
z—/ Stagnation point (q(z)=0)
—E——F >
‘ 1 / P
-2 -1 0 1 2
s
S,
Thisis adegenerate
streamline with q(z) =0 Wl
[ The definition or aegenerare streamiine 1s given on page 8 of D2. Essentially it is the set of points
forming the stagnation point z,. That is the stagnation point itself {zo} ]
Question 8
€) [fixed points are solutions to the equation f(z) =7]
From f(z)=z wehave 2 +1 =20 22- z+1=0.
Using the formulafor quadratic equations we have
M-4 1
- 1+1- 47 5 1
2 2
So thereisonly onefixed pointat z= 3.
Now ft(z): 2z
1)1 _
So f¢l)=2 1=
So the fixed point isindifferent.  [see page 24 of unit D3]
(b) (i) Thislookslikeit lies outside so try to show it is by using Corollary 1 on page 37 of D3.
Wehave Py(z)=2?-1+iP |R,(0) =|- 1+i|=v2<2
P2(0)=P.(R.(0) = (- 1+if?- 1+i=-2i-1+i=-1-ip |PC2(0)| =-1-i[=v2<2
P20)=R.(R(RO) = P(- 1-i)=(-1-if-1+i=2i- 1+i =-1+3i P
RZ(0) =|- 1+8| =1+9 =410 > 2
Since |F::3(0)| > 2 c does not belong to the set M by Corollary 1 on page 37.
(b) (i) c=- % %i looks like it does belong to M. Try to show ¢ belongs to main cardiod (page 40 D3).
Look at
2
2_30 —[g- 1.3 ~1_|(5 —_25_4-9_51
@q - Ea +8Rec—(8 5" 5)2' 8 E_(E)Z- 4—7- 4—2—22<3
So P . hasan attracting fixed point (Theorem 2.4) and so - % %iT M by theorem 4.3.
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Part |1
Question 9
(a f(z) = (x+ iy)2 +ax? +iby? = (a+1)x2 - Y2+ i(2xy+ byz)
u(xy) v(xy)
The Cauchy Riemann equations are satisfied in any region in which f (z) isanalytic.
The C.R. equations are
flu_9v, fu_ v
x Ty oy fx
Now u = (a+1)x2 - y2, V= 2xy+by2 .
We have

‘Hu
U= darix

™ u_ oW

= 2x+ 2by; 7 =-2y;, —=2y
y

x

which are al continuous

So we arrive at the following C.R. equations

2(a+1)x=2x+2byp a=0andb=0,"xy

-2y =-2y which istruefor al y

So by C.R. Theorem and itsconversefisanayticat ( ifandonlyif a=b=0
(b) () UsingHB A4.4.6p. g€z)* 2z1 00 z* 0.Sogisconformal on ( - {0}

(or it's not conformal at O since the angle between the positive and negative real axisisnot preserved.)
(b) (ii) The paths meet when 1+ 2€% =it, U cost; = - land2sint; =t P t; =2p,t, = V3,

so they meet at +/3i . Now g( 3i): 59 \/§i):2\/§| 2,/36P/2
So  mapsasmall disc round \J/3i toasmall disc round -5, rotated over p/
direction, and scaled by 2.3

AN e
NS,

[~
9GS\ ‘

@ e*isentire, % has asingle singularity at 1, so it isanalytic on ( {1} So the composition
-z

1

f(z)= e(ﬁ) isanalyticon ( -{i} by the Composition Rule (HB 23.1 p. 19)
(o1 Lo Lt 1
z-1 2A(z-1% 3(z-2p
(b) (i) 0O, by Cauchy’stheorem, HB 1.4 p.22, sincef isanalyticinside R = {z 4= %} (asimply-connected
regionandC, isinside R.

+---, so the singularity is essential by HB 2.8(c) p.27.

(b) (i) f (Z) 5 = f (Z) . So by Cauchy’s nth Derivative Formula (with n = 1) (HB p.22)
(42- 1) 16(2- %
1
i f((—) (z)16 z0 1p|f((—) /16 Rz = %X%pie‘l/3 =%pie4/3,since f€z) = e

( if ( if - 2F

(b) (iii) 2pi, sincethesingularity 1 isinside C,. So by Cauchy’s Residue Theorem HB p. 28 and HB 4.2 p.28
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(b) (iv) Resg‘eiDg: f(0) = e (By the Cover-up Rule) and Laurent series for T about z=11is
ez g z

1 1 1 1 2 1 1 1 0
= 1=+ - - WHW +. — + - oz |w|<1,where
HwE Iw 2w awlp Iw oaw? 3w g
f
w=2z-1.S0, Resge— 1——-a—— e+1, and hence by Cauchy’s Residue Theorem the contour

ez g N
integral equals 2p|(e- e+1) = 2pi

Question 11

(@  f(2)=—s— isanayticon ( {1}, s0by HB 43p:30 Res(f,0)=f (0) =1
9z° +1

jopeosiio) o p
By the Cover-up Rule Res(f I)— 9(§|+§|) 9(3 )smh( |p) 63inh%p)
p cosec (- p): P N N
of Ti-1i) ~“olZiJann (- Zip) s (ip)

(b) f (z) iseven and is analytic on ( -{t%i}

And Res(f - %.)

Also, if Sy isthe square contour with vertices at (N +%Xt1ii), then

|cosecpz £1, forzT Sy, and [4° N+, sothat by the Estimation Theorem,

\ __%
f z)dz‘Eg(N+;)2+1>8(N +%)<W>6(N +%)_§(m® 0asN ® ¥
Hence, By HB C1 4.3 p.30
$ ('1)n ga?l p \9_ P, \_%
e

=1 9n° +1 65inh%p);_ 63inh(lp)

l\)lH

() f(z):;llsanalytlcon( { } so by HB 4.3 p.30 Res(f 0) (0)=1
-+

pcosec |p) -p,

i+ b) 2ksinh(%p)

pcosec( —lp) -p

<@ Li- i) " 2ksnn(p)

By the Cover-up Rule Res(f i )

And Res( 3')

Now

f (2) iseven and isandlytic on ( = Lif

Also, if Sy isthe square contour with vertices at (N +%Xilii), then

|cosecpz £1, forzl Sy, and |42 N +% , so that by the Estimation Theorem,
8

\ p P -
‘QN fk(z)dz‘£k2(N+—;)2+1>6(N +%)<W>8(N +%)_k—2(m® 0OasN ® ¥

Hence, By HB C1 4.3 p.30

g ('1)n ='l§_- 2p’ ‘g: 1
n=1k2n2+1 Zg 2ksinh(%p);Zj 2ksinh(%p) 2

[Itis probably not necessary to copy every linein the derivation]
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Question 12
(a Thisisthe standard triple (HB 2.11 p.36) with a =i,b = 1(L+i),g = 1. Hence

fi(z) = (2- i)(%+%i - 1): (2- ')(%Jr%'): (z- i) 2+i) _ (2-1)
e ) ) T ) T 6

(b) (ii) To determine the image of R use the three point trick:
i® 0,1(1+i)® 1 1® ¥, withthedomain and imageto the left

-1® —L;:%(lﬂ),i@ 0,1® ¥, withthedomain and image to the right, so we get

So, f1(R)= {zl :0< Argz<%p}

(b) (iii) The quadratic doubles the argument, so w = 212 maps fl(R) to S. 1-1 and conformal, since Ol fl(R) .

f()=& 219
Thusf(z)—g 21,

(b) (iv) Sinceall components are 1-1 and conformal and h = z2 f=ho fl, sothat 1= fllo hl

Now by HB 2.6 p. 36

friw=o

m+i
N+i

So, fi(w)= , sincein Rwe only had positive arguments, and hence the inverse of



