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Part I 
Question 1 

(a) (i) ( )81 i−    [Put 1 – i in polar form] 

 θieRi =−1 , with ( ) 43or    411tan;2211 12122 ππθ −=−===+= −R .  

Since 1-i is in the 4th quadrant, we must have 4πθ −=  

 So, ( ) ( ) 1622221 424482884218 =====− −−− πππ iii eeei  

 [Remember θθθ sincos iei += , so if πθ 2−= , we get ( ) ( ) 12sin2cos2 =−+−=− πππ ie i ] 

(a) (ii) ( )81 i+   [Put 1 + i in polar form] 

 421 πiei =+  [Note it is good to remember some of the common arguments like ( )
4

1Arg π=+ i  etc.] 

 So, ( ) ( ) 24424218 2221 iiiiii eeei πππ −⋅ ===+  

  
  

 Now, ( ) ( )2logsin2logcos2 2log2Log2 2
ee

ii iee ee
i

+===  

 So the answer is ( ) ( )( )2logsin2logcos4
ee ie +−π  

(b) ( ) ( )
( )i

i
i

2cos

2sin
2tan =  [Now use the result that ( ) ( )θθθθ θθ ii

i
ii eeee −− −=+=

2
1

2
1 sin;cos  ] 

 We get   ( ) ( ) ( )22
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2tan

eei
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eei
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 [Now take 2−e out as a factor in numerator and denominator] 

 We get   ( ) ( )
( )
( ) ( )
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[Here we have used the  result that i

i
−=1 ] 

 
Question 2  
(a)  

  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
(b) BA −  Not a region since not open 
 BA −  Compact since bounded and closed 
 BA ∩  Not a region since not open 
 BA ∩  Not compact since not closed 
 [If I am right then this is a tricky question since BA ∩  is not open and not closed. This is possible 

since open and closed are not opposites as you might think.] 

• 1-i 

This is real This needs to be simplified 

43Arg π<z  
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Question 3 
(a) The line joining 0 to 1 + i has equation ( ) 101 ≤≤+= ttiz . 

 So, ( ) ( ) ( ) ( ) ( )[ ] ( ) ( ) ( )iii
tiidttiidt

dt

dz
tidzz −=

+−
=+−=+−=










+= ∫∫∫Γ 1

2

11
11111

3
2

21

0
3

3
121

0
221

0

2____
2  

 [Note the equation of a line joining 1z  and 2z  is always given by ( ) 10121 ≤≤−+ tzztz .] 

 (b) ( ) ( ) Lzdzz ⋅




≤∫Γ

22 expmaxexp  

 Since ( )2exp z  is continuous on Γ  and where L is the length of  Γ . Length of  Γ  is 2  (From 

Pythagoras). Also, 

 ( ) ( )( ) ( )2222 2exp1expexp ittiz −=−=  

 and the maximum value of this is 1. [Note θie  is always 1 for θ  real.] 

 Finally we get ( ) 221exp 2 =⋅≤∫Γ dzz  

 [ The problem with this question is that you might think you need to use the answer to part (a).  
  You DON’T.] 

 
Question 4 

(a) ( )
1

1
2 −

=
z

zf  [When asked to give the Laurent series about any point ‘a’ always rewrite ( )zf  in 

  terms of az −  as shown below] 

 ( ) ( )( ) ( ) ( )( )211

1

11

1

1

1
2 +−−

=
+−

=
−

=
zzzzz

zf    [Using 211 +−=+ zz ] 

 
 
 Now since 21 <−z , we must rewrite ( )zf  as below 

 ( ) ( ) ( )( ) ( ) ( ) ( )
( ) 1

2

1
1

12

1

2

1
112

1

211

1
−







 −

+
−

=






 −

+−
=

+−−
=

z

zz
z

zz
zf  

 [Now use the result that ( ) 1for 11 321 <+−+−=+ − xxxxx L ] 

 We get since 1
2

1
<

−z
 

 ( ) ( ) ( ) 


















 −

−++

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
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+





 −

−
−

=
n

n zzz

z
zf

2

1
1
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1

2

1
1
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1
2

L  

 

 ( ) ( ) ( ) +





 −

−++





 −

+−
−

=∴
−1

4
1

4
1

4
1

2

1
1

2

1

12

1
n

n zz

z
zf L  

 
(b) [No need for much algebra here] 

 ( ) ( ) ( ) 11
2122 2

2

1
1

1

1

1

1 −
−=

−
=

−
=

z
z

zzz
zf  

 Since 11 <z , we can expand using ( ) 1for 11 321 <++++=− − xxxxx L  

 We get 

 ( ) ( ) ( ) LLLL +++++=++++++= +126422642
11111111

2
1

1
nn zzzzzzzzz

zf  

Difference of two squares So here we have z - 1 

This is put in to give the alternating sign pattern. 

(general term) 

(general term) 
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Question 5 

(a) Simple poles when 013 =+z  [Solve this equation] 

 ( ) ( ) 3223 1 nini ezez ππππ ++ =⇒=−=  
 Now take n = 0, 1, 2 to give 3 roots: 

 n = 0, 3πiez = ; n = 1, ( ) πππ ii eez == + 32 ; n = 2, ( ) 33534 ππππ iii eeez −+ ===  
 [To find residue, use the result on page 8 of Unit C1 = g/h rule HB1.2 p.28] 

 ( )
( ) α

α

α
23 3

1

1

1
,Res

zz
dz

d
f =

+
=  

So Res at 3πα ie= is 
( ) 33

1

3

1 32

3223

π

ππ

i

ii

e

ee

−
==  

So Res at πα ie= is 
( ) 3

1
22 3

1

3

1
== ππ ii ee

 

So Res at 3πα ie−= is 
( ) 33

1

3

1 32

3223

π

ππ

i

ii

e

ee
== −−

 

No need to put answers in Cartesian form unless asked. 

(b) ∫
∞

∞− +
dt

t 1

1
3

 [Always draw a sketch showing poles] 

the integrand 
1

1
3 +t

 satisfies the conditions for closing the contour in the 

upper half plane. Call this contour Γ .  
[See Unit C1 for details page 25 onwards.] 
We get 

3
33

at  Res 2 1-at  Res
1

1

1

1 πππ ieiidz
z

dt
t

⋅+⋅=
+

=
+ ∫∫ Γ

∞

∞−
 

[note the factors of iπ  and iπ2 . iπ  is used when the pole is on the real axis. See page 27 of C1] 
So we get 

33

3

2

3

3

2

2

3

3

2

33

2
sin

3

2
cos

3

2

3
2

2
132

3
1 πππππππππ

ππ π ==⋅
⋅−

=









−−+=














+






+=⋅+⋅ − ii

i
ii

i
ii

eii i

[To help remember if the pole is inside the contour we get a contribution of Residue2 ×iπ . If we have a 
simple pole on the contour the contribution is Residue×iπ ] 

 
Question 6 

When 2=z , the dominant term is ( ) 6
1 zzg = . Both f and 1g  are analytic on C , which is a simply-connect 

region. { }2:1 == zzC  is a simple-closed contour in C .   

Now ( )zgiiz 1
624 6424914814813 ==<<+=+−≤+−  for ⇒∈ 1Cz 6 zeros in 1C . 

When 1=z , the dominant term is ( ) 4
2 3izzg −= . Then 2g  is analytic on C . { }1:2 == zzC  is a simple-

closed contour in C . Now ( )2321 2
6 gz =<≤+  for ⇒∈ 2Cz 4 zeros in 2C . 

And no zero’s on the contours, since the inequalities are strict. So, there are 2 zeros in { }21: << zz . 

 

I don’t know if it is strictly 
necessary to change to 
Principal Arg, but I have done 
so. 

•

•

•

-1 
3πie−

3πie  
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Question 7 

(a) ( ) izzq += , so ( )
____

izzq −=  and iz −  is an analytic function. So q is the complex conjugate of an 

analytic function an do a model flow. 

(b) ( ) ( ) ( ) izzzizzqz −=Ω⇒−==Ω′ 2
2
1  

Stream function is constant Im =Ω  . So kxxyyix
ixyyx

==−=









+−

+−
constant

2

2
Im

22
 

Point 1  10,1 −=⇒== kyx . So 
xx

x
yxxy

1
1

1
01 −=

−
=⇒=+− (since 0≠x ) 

Point –1 + i ( ) kyx ==−−−⇒=−= 0111,1 . So 010 =−⇒=− yxxy  (since 0≠x ) 

(c) ( ) ( ) 111;11 −=+−−=+−+= iiiqiq  

 
 
 
 
 
 
 
 
 
 
 

[ The definition of degenerate streamline is given on page 8 of D2. Essentially it is the set of points 
forming the stagnation point 0z . That is the stagnation point itself { }0z .] 

 
Question 8 
(a) [fixed points are solutions to the equation ( ) zzf = ] 

 From ( ) zzf =  we have 0
4
12

4
12 =+−⇔=+ zzzz . 

 Using the formula for quadratic equations we have 

 
2
14

1

2

411
=

×−±
=z  

 So there is only one fixed point at 
2
1=z . 

 Now ( ) zzf 2=′  

 So ( ) 12
2
1

2
1 =×=′f  

 So the fixed point is indifferent. [see page 24 of unit D3] 
 (b) (i) This looks like it lies outside so try to show it is by using Corollary 1 on page 37 of D3. 

 We have  ( ) ( ) 221012 <=+−=⇒+−= iPizzP cc  

 

( ) ( )( ) ( ) ( )

( ) ( )( )( ) ( ) ( )
( ) 21091310 

311211100

2210 1121100

2

23

222

>=+=+−=

⇒+−=+−=+−−−=−−==

<=−−=⇒−−=+−−=+−+−==

iP

iiiiiiPPPPP

iPiiiiiPPP

c

ccccc

cccc

 

 Since ( ) 203 >cP  c does not belong to the set M by Corollary 1 on page 37. 

(b) (ii) ic
2
1

2
1 −−=  looks like it does belong to M. Try to show c belongs to main cardiod (page 40 D3).  

Look at 

( ) ( ) 324488Re88
4
1

4
9

4
252

2
5

2
12

2
3

2
1

2

2
32 <==−=−=×−−×=+





 − cc  

So 
22

1 iP −−  has an attracting fixed point (Theorem 2.4) and so Mi ∈−−
2
1

2
1  by theorem 4.3. 

2 1 0 1 2

4

2

2

y/
i

  

This is a degenerate 
streamline with ( ) 0=zq  

Stagnation point ( ( ) 0=zq ) 
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Part II 
Question 9 

(a) ( ) ( ) ( )
( )

( )
( )

4342144344 21
yxvyxu

byxyiyxaibyaxiyxzf

,

2

,

22222 21 ++−+=+++=  

 The Cauchy Riemann equations are satisfied in any region in which ( )zf  is analytic. 

 The C.R. equations are 

 
x

v

y

u

y

v

x

u

∂
∂

−=
∂
∂

∂
∂

=
∂
∂

;  

 Now ( ) 222 2,1 byxyvyxau +=−+= . 

 We have 

 ( ) y
x

v
y

y

u
byx

y

v
xa

x

u
2;2;22;12 =

∂
∂

−=
∂
∂

+=
∂
∂

+=
∂
∂

 

 which are all continuous 
 So we arrive at the following C.R. equations 
 ( ) yxbabyxxa ,,0 and  02212 ∀==⇒+=+  

 yy 22 −=−  which is true for all y 

 So by C.R. Theorem and its converse f is analytic at C  if and only if  0== ba  
(b) (i) Using HB A4.4.6 p.  ( ) 002 ≠⇔≠≠′ zzzg . So g is conformal on { }0−C  

(or it’s not conformal at 0 since the angle between the positive and negative real axis is not preserved.) 

(b) (ii) The paths meet when 3,sin2and cos21 23
2

1212
1

12
1 ==⇒=−=⇔=+ tttt titeit π ,  

so they meet at i3 . Now ( ) ( ) 232323;53 πieiigig ==′= .  

So  maps a small disc round i3  to a small disc round –5, rotated over π

direction, and scaled by 32  

 
 

(a) xe is entire, 
z−1

1
 has a single singularity at 1, so it is analytic on { }1-C . So the composition 

( ) ( )
zezf −= 1

1

  is analytic on { }1-C  by the Composition Rule (HB 23.1 p. 19) 

 ( )
( ) ( )

L+
−

−
−

+
−

−=
32 1!3

1

1!2

1

1

1
1

zzz
zf , so the singularity is essential by HB 2.8(c) p.27. 

(b) (i) 0, by Cauchy’s theorem, HB 1.4 p.22, since f is analytic inside { }
4
3: == zzR  (a simply-connected 

region and 1C  is inside R. 

(b) (ii) 
( )

( )
( )

( )2
4
12

1614 −
=

− z

zf

z

zf
. So by Cauchy’s nth Derivative Formula (with n = 1) (HB p.22)  

( ) ( )
( )

( ) ( )
( )

( )
( )2

34
9
234

9
16

8
1

2

4
14

1
8
1

2

4
14

1
16
1

1
 since ,

1616

2

1 1
1

11 z

e
zfieiedz

z

zf
fidz

z

zf

i
f

z

CC −
=′=⋅=

−
=′⇔

−
=′

−

∫∫ πππ
π

 

(b) (iii) ,2 iπ since the singularity 1 is inside 2C . So by Cauchy’s Residue Theorem HB p. 28 and HB 4.2 p.28 

i3

•

•

1 •
-5 

1Γ

2Γ

( )1Γg

( )2Γg
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(b) (iv) ( ) ef
z

f
==








00,Res  (By the Cover-up Rule) and Laurent series for 
z

f
 about 1=z  is 

( ) 1,
!3

1

!2

1

!1

1
11

!3

1

!2

1

!1

1
1

1

1
32

2
32

<







+−+−++−=








−+−

+
w

www
ww

wwww
LL , where 

1−= zw . So, 1
!

1
1,Res

1

+−=−=





 ∑

∞

=
e

nz

f

n

, and hence by Cauchy’s Residue Theorem the contour 

integral equals ( ) ieei ππ 212 =+−  

 
Question 11 

(a) ( )
19

1
2 +

=
z

zφ  is analytic on { }i-
3
1±C , so by HB 4.3 p.30 ( ) ( ) 100,Res == φf  

 By the Cover-up Rule ( ) ( )
( ) ( ) ( ) ( )π

π
π

πππ

3
1

3
1

3
2

3
1

3
1

3
1

3
1

sinh6sinh99

cosec
,Res

−
==

+
=

iiii

i
if  

 And ( ) ( )
( ) ( ) ( ) ( )π

π
π

πππ

3
1

3
1

3
2

3
1

3
1

3
1

3
1

sinh6sinh99

cosec
,Res

−
=

−−
=

−−

−
=−

iiii

i
if  

(b) ( )zφ  is even and is analytic on { }i-
3
1±C  

 Also, if NS  is the square contour with vertices at ( )( )iN ±±+ 1
2
1 , then 

 NSzz ∈≤ for ,1cosecπ , and 
2
1+≥ Nz , so that by the Estimation Theorem, 

 ( )
( )

( )
( )

( ) ( ) ∞→→
+

=+⋅
+

<+⋅
++

≤∫ N
N

N
N

N
N

dzzf
NS

 as 0
9

8
8

9
8

19 2
12

1
2

2
12

1
2

2
1

πππ
 

 Hence, By HB C1 4.3 p.30 

 
( )

( ) ( ) 2
1

3
1

3
12

1

1
2 sinh6sinh6

2
1

19

1
−=













−−=

+

−∑
∞

= π
π

π
π

n

n

n
 

(c) ( )
1

1
22 +

=
zk

zφ  is analytic on { }i-
k
1±C , so by HB 4.3 p.30 ( ) ( ) 100,Res == φf  

 By the Cover-up Rule ( ) ( )
( ) ( )π

πππ

kkk

k
k kiik

i
if

1112

1
1

sinh2

cosec
,Res

−
=

+
=  

 And ( ) ( )
( ) ( )π

πππ

kkk

k

kiik

i
if

1112

1

3
1

sinh2

cosec
,Res

−
=

−−

−
=−  

 Now 

 ( )zφ  is even and is analytic on { }i-
k
1±C  

 Also, if NS  is the square contour with vertices at ( )( )iN ±±+ 1
2
1 , then 

 NSzz ∈≤ for ,1cosecπ , and 
2
1+≥ Nz , so that by the Estimation Theorem, 

 ( )
( )

( )
( )

( ) ( ) ∞→→
+

=+⋅
+

<+⋅
++

≤∫ N
Nk

N
Nk

N
Nk

dzzf
NS k  as 0

8
88

1 2
122

1
2

2
122

1
2

2
12

πππ
 

 Hence, By HB C1 4.3 p.30 

 
( )

( ) ( ) 2
1

112
1

1
22 sinh2sinh2

2
1

1

1
−=













−−=

+

−∑
∞

= π
π

π
π

kkn

n

kknk
 

 [It is probably not necessary to copy every line in the derivation] 
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Question 12 

(a) This is the standard triple (HB 2.11 p.36) with ( ) 1,1,
2
1 =+== γβα ii . Hence 

 ( )
( )( )
( )( )

( )( )
( )( )

( )( )
( )( )

( )
( )111

1

11

1ˆ

2
1

2
1

2
1

2
1

2
1

2
1

2
1

2
1

1 −
−

−=
−−
+−−

=
−−

+−−
=

−+−

−+−
=

z

iz

iz

iiz

iz

iiz

iiz

iiz
zf  

(b) (i)   
 
 
 
 
 
 
  
(b) (ii) To determine the image of R use the three point trick: 

 ( ) ∞→→+→ 1,11,0
2
1 ii , with the domain  and image to the left 

 ( ) ,1,0,1
2

1
1

2
1 ∞→→+=

−−
−→− ii

i
 with the domain and image to the right, so we get 

 So, ( ) { }π
4
1

11 Arg0:ˆ <<= zzRf  

(b) (iii) The quadratic doubles the argument, so 2
1zw = maps ( )Rf1

ˆ  to S. 1-1 and conformal, since ( )Rf1
ˆ0 ∉ . 

Thus ( )
2

1
ˆ 








+
−

−=
z

iz
zf  

(b) (iv) Since all components are 1-1 and conformal  and 1
2 ˆˆˆ; fhfzh o== , so that 11

1
1 ˆˆˆ −− = hff o  

 Now  by HB 2.6 p. 36 

 ( )
iw

iw
wf

+
+

=−1
1
ˆ  

 So, ( )
iw

iw
wf

+

+
=−1ˆ , since in R we only had positive arguments, and hence the inverse of  

R i

1

S 

∞

∞

( )Rf1
ˆ

1

( )i+1
2
1

0


